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NON-ARCHIMEDEAN GENERALIZED BESSEL POTENTIALS
AND THEIR APPLICATIONS
ANSELMO TORRESBLANCA-BADILLO
Abstract. This article describes a class of pseudo-differential operators
(Aαϕ)(x) = F−1
ξ→x
(
[max{|ψ1(||ξ||p)|, |ψ2(||ξ||p)|}]
−α ϕ̂(ξ)
)
,
ϕ ∈ D(Qnp ) and α ∈ C; here [max{|ψ1(||ξ||p)|, |ψ2(||ξ||p)|}]
−α is the symbol
of the operator Aα. These operators can be seen as a generalization of the
Bessel potentials in the p-adic context. We show that the family (Kα)α>0
of convolution kernels attached to generalized Bessel potentials Aα, α > 0,
determine a convolution semigroup on Qnp . Imposing certain conditions we
have that Kα, α > 0, is a probability measure on Qnp . Moreover, we will study
certain properties corresponding to the Green function of the operator Aα and
we show that heat equations, naturally associated to these operators, describes
the cooling (or loss of heat) in a given region over time.
1. Introduction
In the latest years, there has been a strong interest on the non-archimedean
pseudo-differential operators due its connections with p-adic pseudo-differential
equations that describe certain physical models, see e.g. [1], [2], [3], [6], [7], [10],
[13], [14], [15], [19], [21], and the references therein. Particularly, pseudo-differential
operators whose symbols are associated with negative definite functions on the p-
adic numbers, see [8], [9], [17], [18].
In this article, we introduce a new class of non-archimedean pseudo-differential op-
erators (called the generalized Bessel potentials) associated with negative definite
functions in the p-adic context and in arbitrary dimension. These operators have
the form
(Aαϕ)(x) = F−1ξ→x
(
[max{|ψ1(||ξ||p)|, |ψ2(||ξ||p)|}]
−α
ϕ̂(ξ)
)
, ϕ ∈ D(Qnp ),
where α ∈ C, F−1ξ→x denotes the inverse Fourier transform, ϕ̂ is the Fourier transform
of ϕ, D(Qnp ) denotes the C− vector space of Bruhat-Schwartz functions over Q
n
p
and the function [max{|ψ1(||ξ||p)|, |ψ2(||ξ||p)|}]
−α is called symbol of the operator
Aα. The functions ψ1,ψ2 : Q
n
p → C are continuous, negative definite and radials.
Taking, ψ1 = 1 and ψ2 = || · ||p, then by [4, Proposition 7.4-(iii)] and [17, Example
3.4] we have that Aα correspond to the Bessel potential studied at [9] and [16].
We are interested in the pseudo-differential operators Aα due to our interest for
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contemporary physical theories, in particular, study new Cauchy problems (or p-
adic heat equations), which governs the temperature distribution in an object over
time. The corresponding equations takes the form
∂u
∂t
(x, t) = Aαu(x, t), t ∈ [0,∞), x ∈ Qnp
u(x, 0) = u0(x) ∈ D(Q
n
p ).
It is worth noting that is that unlike the fundamental solutions studied at [3], [8],
[11], [13], [17], [18], [21], et al., in our case, the fundamental solutions Z(x, t) of
the new Cauchy problems satisfies Z(x, t) ≤ 0 for all x ∈ Qnp\ {0} and t > 0, see
Theorem 4. Therefore, we have observed that the new above p-adic heat equations,
give temperatures less than absolute zero, which means from the physical point of
view, that this equations describe the loss of heat over time.
There are many physical and mathematical motivations to employ p-adic analy-
sis in investigation of mathematical and theoretical aspects of modern quantum
physics, such as the properties of the Green’s function over the field of p-adic num-
bers. Green’s functions are a necessary stage in the formulation of the new p-adic
quantum theory. For further details the reader may consult [5], [12], [20], and the
references therein.
Motivated by the above, in this article we introduce a new class of n-dimensional
p-adic Green function G attached to pseudo-differential operator Aα and given by
G(x) := F−1ξ→x
(
1
m2 + [max{|ψ1(||ξ||p)|, |ψ2(||ξ||p)|}]
−α
)
, m > 0.
On the other hand, since the analysis of convolution semigroups of probability
measures on locally compact abelian groups play an important role in probability
theory, functional analysis and potential theory, see e.g. [4]. In this article, we
are interested in obtaining a new family of convolution semigroups of probability
measures on Qnp .
The article is organized as follows: In Section 2, we will collect some basic results
on the p-adic analysis and fix the notation that we will use through the article.
In Section 3, we will introduce a new class of non-archimedean pseudo-differential
operators on the space D(Qnp ) which we call generalized Bessel potentials. In Sec-
tion 4, we study certain properties corresponding to the convolution kernels Kα,
attached to generalized Bessel potentials, see Theorem 1 and Corollary 1. More-
over, we show that the family (Kα)α>0 determine a convolution semigroup on Q
n
p ,
see Theorem 2. Imposing certain conditions we have that Kα, α > 0, is a probabil-
ity measure on Qnp , see Corollary 2. In Section 5, we will study certain properties
corresponding to the Green function and the heat Kernel attached to operator Aα,
see Theorem 3 and Theorem 4, respectively.
2. Fourier Analysis on Qnp : Essential Ideas
2.1. The field of p-adic numbers. Along this article p will denote a prime num-
ber. The field of p−adic numbers Qp is defined as the completion of the field of
rational numbers Q with respect to the p−adic norm | · |p, which is defined as
|x|p =
 0, if x = 0
p−γ , if x = pγ a
b
,
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where a and b are integers coprime with p. The integer γ := ord(x), with ord(0) :=
+∞, is called the p−adic order of x.
Any p−adic number x 6= 0 has a unique expansion of the form
x = pord(x)
∞∑
j=0
xjp
j ,
where xj ∈ {0, 1, 2, . . . , p− 1} and x0 6= 0. By using this expansion, we define the
fractional part of x ∈ Qp, denoted {x}p, as the rational number
{x}p =

0, if x = 0 or ord(x) ≥ 0
pord(x)
∑−ordp(x)−1
j=0 xjp
j, if ord(x) < 0.
We extend the p-adic norm to Qnp by taking
||x||p := max
1≤i≤n
|xi|p, for x = (x1, . . . , xn) ∈ Q
n
p .
For r ∈ Z, denote by Bnr (a) = {x ∈ Q
n
p ; ||x − a||p ≤ p
r} the ball of radius pr
with center at a = (a1, . . . , an) ∈ Q
n
p , and take B
n
r (0) =: B
n
r . Note that B
n
r (a) =
Br(a1) × · · · × Br(an), where Br(ai) := {x ∈ Qp; |xi − ai|p ≤ p
r} is the one-
dimensional ball of radius pr with center at ai ∈ Qp. The ball B
n
0 equals the
product of n copies of B0 = Zp, the ring of p−adic integers of Qp. We also
denote by Snr (a) = {x ∈ Q
n
p ; ||x − a||p = p
r} the sphere of radius pr with center at
a = (a1, . . . , an) ∈ Q
n
p , and take S
n
r (0) =: S
n
r . The balls and spheres are both open
and closed subsets in Qnp .
As a topological space
(
Qnp , || · ||p
)
is totally disconnected, i.e. the only connected
subsets of Qnp are the empty set and the points. A subset of Q
n
p is compact if and
only if it is closed and bounded in Qnp , see e.g. [19, Section 1.3], or [2, Section 1.8].
The balls and spheres are compact subsets. Thus
(
Qnp , || · ||p
)
is a locally compact
topological space.
We will use Ω (p−r||x− a||p) to denote the characteristic function of the ball B
n
r (a).
We will use the notation 1A for the characteristic function of a set A ⊂ Q
n
p . Along
the article dnx will denote a Haar measure on Qnp normalized such that
∫
Znp
dnx = 1.
2.2. Some function spaces. A complex-valued function f defined on Qnp is called
locally constant if for any x ∈ Qnp there exist an integer l := l(x) such that
f(x) = f(x′) for all x′ ∈ Bnl (x).
Equivalently, there exists a clopen partition U of Qnp such that f is constant on
each element of U .
Denote by ε(Qnp ) the linear space of locally constant C-value functions on Q
n
p .
A function ϕ : Qnp → C is called a Bruhat-Schwartz function (or a test function) if
it is locally constant with compact support.
The C-vector space of Bruhat-Schwartz functions is denoted by D(Qnp ) =: D. Let
D′(Qnp ) =: D
′ denote the set of all continuous functional (distributions) on D. The
natural pairing D′(Qnp ) × D(Q
n
p ) → C is denoted as 〈T, ϕ〉 for T ∈ D
′(Qnp ) and
ϕ ∈ D(Qnp ), see e.g. [2, Section 4.4].
Denote by L1loc(Q
n
p ) the set of functions f : Q
n
p → C such that f ∈ L
1(K) for any
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compact K ⊂ Qnp . Every f ∈ L
1
loc(Q
n
p ) defines a distribution f ∈ D
′
(
Qnp
)
by the
formula
〈f, ϕ〉 =
∫
Qnp
f (x)ϕ (x〉 dnx.
Such distributions are called regular distributions.
Given ρ ∈ [0,∞), we denote by Lρ
(
Qnp , d
nx
)
= Lρ
(
Qnp
)
:= Lρ, the C−vector
space of all the complex valued functions g satisfying
∫
Qnp
|g (x)|ρ dnx < ∞, L∞
:= L∞
(
Qnp
)
= L∞
(
Qnp , d
nx
)
denotes the C−vector space of all the complex valued
functions g such that the essential supremum of |g| is bounded.
Let denote by C(Qnp ,C) =: CC the C−vector space of all the complex valued func-
tions which are continuous, by C(Qnp ,R) =: CR the R−vector space of continuous
functions. Set
C0(Q
n
p ,C) := C0(Q
n
p ) =
{
f : Qnp → C; f is continuous and lim
||x||p→∞
f(x) = 0
}
,
where lim||x||p→∞ f(x) = 0 means that for every ǫ > 0 there exists a compact subset
B(ǫ) such that |f(x)| < ǫ for x ∈ Qnp\B(ǫ). We recall that (C0(Q
n
p ,C), || · ||L∞) is a
Banach space.
2.3. Fourier transform. Set χp(y) = exp(2πi{y}p) for y ∈ Qp. The map χp(·) is
an additive character on Qp, i.e. a continuous map from (Qp,+) into S (the unit
circle considered as multiplicative group) satisfying χp(x0 + x1) = χp(x0)χp(x1),
x0, x1 ∈ Qp. The additive characters of Qp form an Abelian group which is isomor-
phic to (Qp,+), the isomorphism is given by ξ 7→ χp(ξx), see e.g. [2, Section 2.3].
Given x = (x1, . . . , xn), ξ = (ξ1, . . . , ξn) ∈ Q
n
p , we set x · ξ :=
∑n
j=1 xjξj . If
f ∈ L1(Qnp ), its Fourier transform is defined by
(Ff)(ξ) = Fx→ξ(f) = f̂(ξ) :=
∫
Qnp
χp(ξ · x)f(x)d
nx, for ξ ∈ Qnp .
The inverse Fourier transform of a function f ∈ L1(Qnp ) is
(F−1f)(x) = F−1ξ→x(f) =
∫
Qnp
χp(−x · ξ)f(ξ)d
nξ, for x ∈ Qnp .
The Fourier transform is a linear isomorphism from D(Qnp ) onto itself satisfying
(F(Ff))(ξ) = f(−ξ),
for every f ∈ D(Qnp ), see e.g. [2, Section 4.8].
The Fourier transform F(f) = Fx→ξ(f) = f̂ of a distribution f is defined by the
relation
〈F(f), ϕ〉 = 〈f,F(ϕ)〉 , for all ϕ ∈ D(Qnp ).
The Fourier transform f → F(f) is a linear isomorphism from D′(Qnp ) onto D
′(Qnp ),
see e.g. [2, Section 4.9].
3. Generalized Bessel potentials
The goal of this section is to introduce a large class of non-archimedean pseudo-
differential operators on D(Qnp ) which we call generalized Bessel potentials.
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Definition 1. A function ψ : Qnp → C is called negative definite, if∑m
i,j=1
(
ψ(xi) + ψ(xj)− ψ(xi − xj)
)
λiλj ≥ 0
for all m ∈ N\{0}, x1, . . . , xm ∈ Q
n
p , λ1, . . . , λm ∈ C.
Example 1. (i) [17, Example 3.5] For α and β positive real numbers, we have
that ψ(||ξ||p) = α‖ξ‖
β
p is a negative definite function, where ‖ · ‖p denotes
the p-adic norm on Qnp . Note that ψ is increasing function with respect to
‖ · ‖p.
(ii) Let f(ξ) ∈ Qnp [ξ1, . . . , ξn] be a non-constant polynomial. We say that f(ξ) is
an elliptic polynomial of degree d, if it satisfies: (a) f(ξ) is a homogeneous
polynomial of degree d, and (b) f(ξ) = 0⇔ ξ = 0. For any β > 0 we have
that |f(ξ)|βp is a negative definite function, where | · |p denotes the p-adic
norm on Qp, see [8, Theorem 3]. On the other hand, by [21, Lemma 25],
there exist positive constants C0 = C0(f), C1 = C1(f) such that
C0||ξ||
d
p ≤ |f(ξ)|p ≤ C1||ξ||
d
p, for every ξ ∈ Q
n
p .
(iii) [17, Lemma 3.8] Set ψ0 (ξ) :=
∑∞
j=1 cj ||ξ||
αj
p with cj ≥ 0, αj ∈ N such that
the real series
∑∞
j=1 cjy
αj defines a non-constant real function. Then for
any j ∈ N\{0},
ψ(||ξ||p) := e
e.
..e
ψ0(ξ)
, j − powers
is a continuous and negative definite function on Qnp . In this case there is
a fixed positive constant β := β(ψ) such that for any ξ ∈ Qnp we have that
ψ(||ξ||p) > ||ξ||
β
p . Moreover, note that ψ is increasing function with respect
to ‖ · ‖p.
(iv) [18, Remark 3-(ii)] We set R+ := {x ∈ R : x ≥ 0}. Let J : Q
n
p →
R+ be a radial (i.e. J(x) = J(||x||p)) and continuous function such that∫
Qnp
J(||x||p)d
nx = 1. Then, the function Ĵ(0) − Ĵ(‖ξ‖p) = 1 − Ĵ(‖ξ‖p) is
negative definite. Moreover, 0 ≤ 1− Ĵ(‖ξ‖p) ≤ 2 for all ξ ∈ Q
n
p .
(v) [4, Proposition 7.4-(iii)] The non-negative constant functions are negative
definite.
Lemma 1. Let f : Qnp → C be a radial function, i.e. f(x) = f(||x||p) for all
x ∈ Qnp . Then f is a locally constant function.
Proof. By [2, Sections 1.8 and 1.10] we have that
Qnp =
⊔
γ∈Z
Snγ .
Let x ∈ Qnp fixed. Then, there exists a unique γ := γ(x) ∈ Z such that x ∈ S
n
γ .
Since f is a constant function on Snγ , then by [2, Proposition 1.8.8 and Section 1.10]
and [2, Theorem 1.8.1-(1)] we obtain the results desired. 
Remark 1. (i) If f : Qnp → C is a radial function, then, as a consequence
of the previous lemma and [19, Chapter VI-Section 1] we have that f is a
continuous function on Qnp .
(ii) If f : Qnp → C is a radial function, then, it is clear that |f | is a locally
constant function on Qnp .
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Definition 2. [Hypothesis A] Let ψ1,ψ2 : Q
n
p → C be functions. We say that
ψ1 and ψ2 satisfies the Hypothesis A if the following properties are met:
(i) ψ1 and ψ2 are negative definite and radial (consequently, continuous) func-
tions with ψ1(||ξ||p) 6= 0 for all ξ ∈ Q
n
p .
(ii) There is a ball Bnr , r := r(ψ1,ψ2) ∈ Z, such that
|ψ1(||ξ||p)| ≥ |ψ2(||ξ||p)| if and only if ξ ∈ B
n
r .
The condition (ii) in the Definition 2 is motivated by [19, Chapter 1-Section I-3].
Denote by N := {1, 2, . . .} the set of natural numbers and let R+ := {x ∈ R : x ≥ 0}.
Throughout this paper we will assume that ψ1 and ψ2 are functions satisfying the
Hypothesis A.
Definition 3. If f ∈ D′(Qnp ), α ∈ C, we define the non-archimedean generalized
Bessel potential of order α of f by
F (Aαf) = [max{|ψ1(||ξ||p)|, |ψ2(||ξ||p)|}]
−α
f̂ .
Let α ∈ C fixed. For ϕ ∈ D(Qnp ) we define
(Aαϕ)(x) = F−1ξ→x
(
[max{|ψ1(||ξ||p)|, |ψ2(||ξ||p)|}]
−α
ϕ̂(ξ)
)
=
∫
Qnp
χp(−x · ξ) [max{|ψ1(||ξ||p)|, |ψ2(||ξ||p)|}]
−α
ϕ̂(ξ)dnξ, x ∈ Qnp .
Lemma 2. The application
Aα : D(Qnp ) → D(Q
n
p )
α −→ Aαϕ
corresponds to a well-defined p-adic pseudo-differential operator where your symbol
[max{|ψ1(||ξ||p)|, |ψ2(||ξ||p)|}]
−α
∈ ε(Qnp ).
Proof. Note that
[max{|ψ1(||ξ||p)|, |ψ2(||ξ||p)|}]
−α
= |ψ1(||ξ||p)|
−α1Bnr + |ψ2(||ξ||p)|
−α1Qnp \Bnr .
Given the fact that 1Bnr and 1Qnp \Bnr assume the values 0 and 1 only, and in addition,
as the set ε(Qnp ) is linear over the field C, see e.g. [19, Chapter VI-Section 1], then
by Lemma 1, Remark 1-(ii) and [19, Example 5-p. 80] we have that the function
[max{|ψ1(||ξ||p)|, |ψ2(||ξ||p)|}]
−α is locally constant on Qnp .
Therefore, if ϕ ∈ D(Qnp ) then by [19, Theorem 4.8.2] we have that A
αϕ ∈ D(Qnp ).

The function Aαϕ, α ∈ C, is called the generalized Bessel potential of order α
of ϕ.
4. Convolution kernels attached to generalized Bessel potentials
and its applications
In this section we study certain properties and applications corresponding to the
convolution kernels attached to generalized Bessel potentials. From now on, α is a
real number such that α ∈ R+\ {0}.
We begin with the following definition.
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Definition 4. We define the convolution kernel Kα of the generalized Bessel po-
tential Aα by
(4.1) Kα(x) :=
∫
Qnp
χp(−x · ξ) [max{|ψ1(||ξ||p)|, |ψ2(||ξ||p)|}]
−α dnξ, x ∈ Qnp .
Remark 2. Note that the symbol [max{|ψ1(||ξ||p)|, |ψ2(||ξ||p)|}]
−α of the pseudo-
differential operator Aα defines a regular distribution on Qnp . In this case, by [2,
Proposition 4.9.1] we have that Kα ∈ D
′(Qnp ).
Theorem 1. The convolution kernel Kα satisfies the following conditions:
(i) Kα ∗ ϕ = A
αϕ, for all ϕ ∈ D(Qnp ).
(ii) For x ∈ Qnp\ {0}, we have that
Kα(x) = ||x||
−n
p
(1− p−n)
∞∑
j=0
([
max{|ψ1(||x||
−1
p p
−j)|, |ψ2(||x||
−1
p p
−j)|}
]−α
−
[
max{|ψ1(||x||
−1
p p)|, |ψ2(||x||
−1
p p)|}
]−α)
p−nj
}
.
Proof. (i) By using Fubini’s Theorem, for ϕ ∈ D(Qnp ) and x ∈ Q
n
p we have
that
(Aαϕ)(x) =
∫
Qnp
∫
Qnp
χp(y − x · ξ) [max{|ψ1(||ξ||p)|, |ψ2(||ξ||p)|}]
−α ϕ(y)dnydnξ
=
∫
Qnp
∫
Qnp
χp(x− y · ξ) [max{|ψ1(||ξ||p)|, |ψ2(||ξ||p)|}]
−α
ϕ(y)dnydnξ
=
∫
Qnp
∫
Qnp
χp(z · ξ) [max{|ψ1(||ξ||p)|, |ψ2(||ξ||p)|}]
−α
ϕ(x− z)dnzdnξ
=
∫
Qnp
∫
Qnp
χp(−z · ξ) [max{|ψ1(||ξ||p)|, |ψ2(||ξ||p)|}]
−α
dnξϕ(x − z)dnz
=
∫
Qnp
Kα(z)ϕ(x− z)d
nz
= (Kα ∗ ϕ)(x).
(ii) Let x = pγx0 6= 0 with γ ∈ Z and ||x0||p = 1. Using the changes of variables
w = pγξ and z = pjw, respectively, we have that
Kα(x) =
∫
Qnp
χp(−p
γξ · x0) [max{|ψ1(||ξ||p)|, |ψ2(||ξ||p)|}]
−α
dnξ
= ||x||−np
∑
−∞<j<∞
[
max{|ψ1(p
γ+j)|, |ψ2(p
γ+j)|}
]−α∫
||w||p=pj
χp(−w · x0)d
nw
= ||x||−np
∑
−∞<j<∞
[
max{|ψ1(p
γ+j)|, |ψ2(p
γ+j)|}
]−α ∫
||pjw||p=1
χp(−w · x0)d
nw
= ||x||−np
∑
−∞<j<∞
[
max{|ψ1(p
γ+j)|, |ψ2(p
γ+j)|}
]−α∫
||z||p=1
χp(−p
−jx0 · z)d
nz
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By using the formula
(4.2)
∫
||z||p=1
χp
(
−p−jx0 · z
)
dnz =

1− p−n, if j ≤ 0,
−p−n, if j = 1,
0, if j ≥ 2,
we have that
Kα(x) = ||x||
−n
p
(1− p−n)
∞∑
j=0
p−nj
[
max{|ψ1(||x||
−1
p p
−j)|, |ψ2(||x||
−1
p p
−j)|}
]−α
−
[
max{|ψ1(||x||
−1
p p)|, |ψ2(||x||
−1
p p)|}
]−α}
.
(4.3)
Since (1− p−n)
∑∞
j=0 p
−nj = 1, then by (4.3) the desired is obtained.

As a direct consequence of Theorem 1-(ii) and the fact that Kα(0) > 0, we have
the following Corollary.
Corollary 1. If the function
[
max{|ψ1(||x||p)|, |ψ2(||x||
−1
p )|}
]−α
is increasing with
respect to || · ||p, then Kα(x) ≥ 0 for all x ∈ Q
n
p .
Example 2. Let ψ1 and ψ2 be functions given by ψ1(ξ) = 1 and ψ2(ξ) = ||ξ||
β
p ,
fixed β > n
α
, for all ξ ∈ Qnp . Then, by Example 1, we have that the functions ψ1
and ψ2 are negative definite radial functions on Q
n
p .
On the other hand, it is easy to check that ψ1(||ξ||p) ≥ ψ2(||ξ||p) if and only if
ξ ∈ Znp .
By defining for α > 0
Kα(x) :=
∫
Qnp
χp(−x · ξ)
[
max{1, ||ξ||βp}
]−α
dnξ, x ∈ Qnp ,
by a direct calculation one verifies that Kα(x) ≥ 0, for all x ∈ Q
n
p .
Next we will obtain some relevant applications corresponding to the convolution
kernels Kα, α > 0.
Definition 5. A function f : Qnp → C is called positive definite, if∑m
i,j=1
f(xi − xj)λiλj ≥ 0
for all m ∈ N , x1, . . . , xm ∈ Q
n
p and λ1, . . . , λm ∈ C.
Lemma 3. The function [max{|ψ1(||ξ||p)|, |ψ2(||ξ||p)|}]
−α
: Qnp → R+\ {0} is pos-
itive definite.
Proof. We first note that
[max{|ψ1(||x− y||p)|, |ψ2(||x− y||p)|}]
−α
=[max{|ψ1(||y − x||p)|, |ψ2(||y − x||p)|}]
−α
=[max{|ψ2(||y − x||p)|, |ψ1(||y − x||p)|}]
−α
for all x, y ∈ Qnp .
Let c1, c2, . . . , cm be integer numbers and ξ1, ξ2, . . . , ξm ∈ Q
n
p , m ∈ N. Then, by a
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direct calculation one verifies that∑m
i,j=1
[max{|ψ1(||ξi − ξj ||p)|, |ψ2(||ξi − ξj ||p)|}]
−α
cicj
is exactly
∑m
i,j=1 [max{|ψ1(||ξi − ξj ||p)|, |ψ2(||ξi − ξj ||p)|}]
−α c2i ≥ 0.
On the other hand, it is clear that
[max{|ψ1(|| − x||p)|, |ψ2(|| − x||p)|}]
−α = [max{|ψ1(||x||p)|, |ψ2(||x||p)|}]
−α ,
for all x ∈ Qnp .
Therefore, the desired result follow from [4, Exercise 3.7-p. 13]. 
Lemma 4. Kα is a positive bounded measure on Q
n
p .
Proof. By [2, Proposition 4.9.1], Remark 2 and (4.1) we have that
Fx→ξ (Kα) = [max{|ψ1(||x||p)|, |ψ2(||x||p)|}]
−α
∈ D′(Qnp ).
The result follow from Lemma 3, [2, Section 4.9] and [4, Theorem 3.12]. 
Theorem 2. Suppose that |ψ1(0)| ≥ 1. Then, the family (Kα)α>0 determine a
convolution semigroup on Qnp , i.e. (Kα)α>0 satisfies the following properties:
(i) For all α > 0, Kα is a positive bounded measure on Q
n
p .
(ii) For all α > 0, Kα(Q
n
p ) ≤ 1.
(iii) For all α1, α2 > 0 we have that Kα1 ∗Kα2 = Kα1+α2 .
(iv) limα→0Kα = δ, where δ is the Dirac delta function.
Proof.
(i) The result follows from Lemma 4.
(ii) By Lemma 4 and [4, (7)-p. 14] we have that (Kα)(Q
n
p ) =
1
|ψ1(0)|
α . Therefore, if
|ψ1(0)| ≥ 1, then (Kα)(Q
n
p ) ≤ 1.
(iii) Let α1 and α2 be real numbers such that α1, α2 > 0. Then, by [2, Propo-
sition 4.9.1], Remark 2, Lemma 2 and (4.1) we have for i = 1, 2, Fx→ξ (Kαi) =
[max{|ψ1(||x||p)|, |ψ2(||x||p)|}]
−αi ∈ ε(Qnp )
⋂
D′(Qnp ). Moreover, by [2, Theorem
4.9.3] and [2, Lemma 4.7.2], respectively, there exist integers Ni := Ni(αi), such
that supp(Kαi) ⊂ B
n
Ni
, i = 1, 2, and the convolution Kα1 ∗Kα2 exists.
On the other hand, by the n-dimensional version of [19, Theorem-p. 115] and
[19, Examples 1 and 2- p. 113 y 114, respectively], we have that the product
[max{|ψ1|, |ψ2|}]
−α1 [max{|ψ1|, |ψ2|}]
−α2 exists and
F−1ξ→x
(
[max{|ψ1|, |ψ2|}]
−α1 [max{|ψ1|, |ψ2|}]
−α2
)
= Kα1 ∗Kα2 .
Therefore, for ϕ ∈ D(Qnp ) we have that
〈Kα1+α2 , ϕ〉 =
〈
F−1ξ→x
(
[max{|ψ1|, |ψ2|}]
−(α1+α2)
)
, ϕ
〉
=
〈
F−1ξ→x
(
[max{|ψ1|, |ψ2|}]
−α1 [max{|ψ1|, |ψ2|}]
−α2
)
, ϕ
〉
= 〈Kα1 ∗Kα2 , ϕ〉 .
(iv) The result follows from Remark 2 and [19, Example 9-p. 44 and Chapter 1-
Section VI]. 
As a direct consequence of above theorem, we have the following corollary.
Corollary 2. If |ψ1(0)| = 1, then Kα, α > 0, is a probability measure on Q
n
p .
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5. The Green function and the heat Kernel
In this section we will study certain properties corresponding to the Green func-
tion and the heat Kernel attached to operator Aα.
5.1. The Green function. The Dirac δ-function is defined by
〈δ, ϕ〉 = ϕ(0), ∀ϕ ∈ D(Qnp ).
It is clear that δ ∈ D′(Qnp ) and δ(x) = 0 for all x 6= 0, i.e. supp(δ) = {0}, see [2],
[19] for details.
Definition 6. Let G := G(m,α) ∈ D′(Qnp ) be a distribution satisfying the equation
(5.1) (m2 +Aα)G = δ, m ∈ R+\ {0} .
Then G is called a Green function of the operator Aα.
Lemma 5. The distribution
G(x) := F−1ξ→x
(
1
m2 + [max{|ψ1(||ξ||p)|, |ψ2(||ξ||p)|}]
−α
)
, x ∈ Qnp ,
is the Green function of the operator Aα.
Proof. Since G ∈ L1loc(Q
n
p ), then G determine a regular distribution by the formula
〈G,ϕ〉 =
∫
Qnp
G(x)ϕ(x)dnx, ϕ ∈ D(Qnp ).
Then, for any ϕ ∈ D(Qnp ) we have that〈
(m2 +Aα)G,ϕ
〉
=
〈
G, (m2 +Aα)ϕ
〉
=
〈
F−1ξ→x
(
1
m2 + [max{|ψ1(||ξ||p)|, |ψ2(||ξ||p)|}]
−α
)
, (m2 +Aα)ϕ
〉
=
〈
1
m2 + [max{|ψ1(||ξ||p)|, |ψ2(||ξ||p)|}]
−α ,
(
[max{|ψ1(||ξ||p)|,|ψ2(||ξ||p)|}]
−α
+m2
)
ϕ̂
〉
=< 1, ϕ̂ >
=< δ, ϕ >
All the above shows that
(m2 +Aα)G = δ, m ∈ R+\ {0} .
Therefore, G is the Green function of the operator Aα. 
Theorem 3. The Green function G satisfies the following properties:
(i) For all x ∈ Qnp\ {0} we have that
G(x) = ||x||−np
(1− p−n)
∞∑
j=0
p−nj
m2 + [max{|ψ1(p
γ−j)|, |ψ2(p
γ−j)|}]
−α
−
1
m2 + [max{|ψ1(p
γ+1)|, |ψ2(p
γ+1)|}]
−α
}
.
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(ii) If [max{|ψ1(||ξ||p)|, |ψ2(||ξ||p)|}] ≥ 1 for all ξ ∈ Q
n
p , then, there exist posi-
tive real constants K1 :=
1
m2(m2+1) and K2 :=
1
m2
such that
−K1||x||
−n
p ≤ G(x) ≤ K2||x||
−n
p , for all x ∈ Q
n
p\ {0} ,
(iii) G(x) is a real-valued, radial and continuous function.
Proof. (i) Let x = pγx0 6= 0 with γ ∈ Z and ||x0||p = 1. Then,
G(x) =
∫
Qnp
χp(−p
γξ · x0)
(
1
m2 + [max{|ψ1(||ξ||p)|, |ψ2(||ξ||p)|}]
−α
)
dnξ.
We make a change of variables, namely z = pγξ, we have that G(x) is
exactly
||x||−np
∑
−∞<j<∞
(
1
m2 + [max{|ψ1(p
γ ||z||p)|, |ψ2(p
γ ||z||p)|}]
−α
) ∫
||z||p=pj
χp(−z · x0)d
nz
= ||x||−np
∑
−∞<j<∞
(
1
m2 + [max{|ψ1(p
γ+j)|, |ψ2(p
γ+j)|}]
−α
) ∫
||pjz||p=1
χp(−z · x0)d
nz
= ||x||−np
∑
−∞<j<∞
(
pnj
m2 + [max{|ψ1(p
γ+j)|, |ψ2(p
γ+j)|}]
−α
) ∫
||z||p=1
χp(−p
−jx0 · z)d
nz
By using the formula (4.2), we obtain the desired equality.
(ii) By (i) and taking K2 :=
1
m2
we have that
G(x) ≤ ||x||−np
(1− p−n)
∞∑
j=0
(
p−nj
m2 + [max{|ψ1(p
γ−j)|, |ψ2(p
γ−j)|}]
−α
)
≤ ||x||−np
 1m2
∞∑
j=0
(
p−nj − p−n(j+1)
)
= K2||x||
−n
p .
On the other hand, by (i) and taking K1 :=
1
m2(m2+1) we have that
G(x) ≥ ||x||−np
(1− p−n)
∞∑
j=0
(
p−nj
m2 + 1
)
−
1
m2 + [max{|ψ1(p
γ+1)|, |ψ2(p
γ+1)|}]
−α

≥ ||x||−np
 1m2 + 1
∞∑
j=0
(
p−nj − p−n(j+1)
)
−
1
m2

= −K1||x||
−n
p .
(iii) Is a direct consequence of (i), Lemma 5 and Remark 1-(i).

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5.2. The heat kernel. We assume throughout this section that |ψ1| and |ψ2| are
increasing functions with respect to || · ||p.
We define the heat Kernel (also called fundamental solution) attached to operator
Aα as
(5.2) Zt(x) = Z(x, t) :=
∫
Qnp
χp (−x · ξ) e
−t[max{|ψ1(||x||p)|,|ψ2(||x||p)|}]
−α
dnξ,
for x ∈ Qnp and t ≥ 0.
Remark 3. If t = 0, then by [2, Example 4.9.1] we have that
Z0(x) =
∫
Qnp
χp (−x · ξ) d
nξ = δ ∈ D′(Qnp ).
For t > 0 and by a direct calculation one verifies that e−t[max{|ψ1|,|ψ2|}]
−α
/∈ L1(Qnp ).
Now, by using the fact that e−t[max{|ψ1|,|ψ2|}]
−α
∈ L1loc(Q
n
p ), then e
−t[max{|ψ1|,|ψ2|}]
−α
defines a regular distribution. Therefore, by [2, Proposition 4.9.1] we have that
Zt(x) ∈ D
′(Qnp ).
Theorem 4. Zt(x) ≤ 0 for all x ∈ Q
n
p\ {0} and t > 0.
Proof. Let x = pγx0 6= 0 such that γ ∈ Z and ||x0||p = 1. Then, by (5.2) and using
the changes of variables w = pγξ and z = pjw, respectively, we have that
Z(x, t) = ||x||−np
∫
Qnp
χp(−w · x0)e
−t[max{|ψ1(||w||pp
γ)|,|ψ2(||w||pp
γ )|}]−αdnw
= ||x||−np
∑
−∞<j<∞
e−t[max{|ψ1(p
γ+j)|,|ψ2(p
γ+j)|}]
−α
∫
||pjw||p=1
χp(−w · x0)d
nw
= ||x||−np
∑
−∞<j<∞
e−t[max{|ψ1(p
γ+j)|,|ψ2(p
γ+j)|}]−αpnj
∫
||z||p=1
χp(−p
−jx0 · z)d
nz.
By using the formula (4.2) one verifies that
Z(x, t) = ||x||−np
(1− p−n)
∞∑
j=0
e−t[max{|ψ1(||x||
−1
p p
−j)|,|ψ2(||x||
−1
p p
−j)|}]−αp−nj
− e−t[max{|ψ1(||x||
−1
p p)|,|ψ2(||x||
−1
p p)|}]
−α
}
.
(5.3)
Now, we need consider three cases for ||x||p.
Case 1. ||x||p > p
−r. In this case, we have that ||x||−1p < p
r. Therefore, ||x||−1p p
−j ≤
pr for all j ≥ −1. Then, by (5.3) and Definition 2 we have that
Z(x, t) = ||x||−np
(1− p−n)
∞∑
j=0
e−t|ψ1(||x||
−1
p p
−j)|−αp−nj − e−t|ψ1(||x||
−1
p p)|
−α

≤ ||x||−np
{
e−t|ψ1(||x||
−1
p )|
−α
− e−t|ψ1(||x||
−1
p p)|
−α
}
≤ 0.
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Case 2. ||x||p = p
−r. In this case, we have that ||x||−1p = p
r. Therefore, ||x||−1p p
−j ≤
pr for all j ≥ 0 and moreover, ||x||−1p p > p
r. Then, by (5.3) and Definition 2 we
have that
Z(x, t) = ||x||−np
(1− p−n)
∞∑
j=0
e−t|ψ1(||x||
−1
p p
−j)|−αp−nj − e−t|ψ2(||x||
−1
p p)|
−α

≤ ||x||−np
{
e−t|ψ1(||x||
−1
p )|
−α
− e−t|ψ2(||x||
−1
p p)|
−α
}
≤ 0.
Case 3. ||x||p < p
−r. In this case, we have that ||x||−1p > p
r. Therefore, proceeding
analogously as in the previous cases, we have that
Z(x, t) ≤ ||x||−np
{
e−t|ψ2(||x||
−1
p )|
−α
− e−t|ψ2(||x||
−1
p p)|
−α
}
≤ 0.

Remark 4. Consider the following p-adic heat equation or Cauchy problem given
by
(5.4)

∂u
∂t
(x, t) = Aαu(x, t), t ∈ [0,∞), x ∈ Qnp
u(x, 0) = u0(x) ∈ D(Q
n
p ),
where Aα is the pseudo-differential operator previously defined.
By proceeding as in the proof of [18, Proposition 1], we have that
u(x, t) :=
∫
Qnp
χp (−x · ξ) e
−t[max{|ψ1(||ξ||p)|,|ψ2(||ξ||p)|}]
−α
û0(ξ)d
nξ,
with, u0(x) ∈ D(Q
n
p ), x ∈ Q
n
p and t ≥ 0, is the unique (classical) solution of the
Cauchy problem (5.4). Moreover, by [18, Lemma 3] we have that u(x, t) = Zt(x)∗u0.
Since the heat equation describes the distribution of heat (or temperature variations)
in a region along the course of time, then by Theorem 4 we have that equation (5.4)
describes the cooling (or loss of heat) in a given region over time.
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